Throughout this note, A stands for a connected artin algebra and mod A for the category of finitely generated right A-modules in which the maps are composed from the left to the right. Moreover, denote by mod A the injectively stable category of mod A (that is, the quotient of mod A modulo the ideal of maps which factor through an injective module), and by mod A the projectively stable category.
which satisfies the axioms TR1, TR2, TR3 and TR4 stated in [2, (1.1)]. We shall say that C is pre-triangulated if T satisfies the axioms TR1, TR2 and TR3. We refer to [1] for the Auslander-Reiten theory in mod A such as irreducible maps, almost split sequences, and Auslander-Reiten quiver. 
T accordingly. It follows from the axiom TR1 that f 1 embeds in an exact triangle 
Since N is injective, we geth =w 1v −ḡ 1w =0. Being a pseudo-kernel of a zero morphism, f 1 is a retraction in mod A. Since M 1 is indecomposable and not injective, f 1 is a retraction in mod A. This is absurd since f 1 is irreducible. This proves (1). Being equivalent to mod A; see [1, (IV.1.9)], mod A is also pre-triangulated. Thus, (2) holds dually.
Suppose next that M is injective but not projective. Let N 1 be an indecomposable non-projective direct summand of M . Then mod A admits an almost split sequence 0
Thus L is injective, which is absurd. Similarly, it follows from (2) that M is injective whenever it is projective. The proof of the lemma is completed.
Recall that a representation-finite artin algebra is directed if its AuslanderReiten quiver contains no oriented cycle. We call A stably triangulated if mod A, or equivalently mod A, is triangulated.
Theorem. Let A be a connected artin algebra. The following are equivalent : (1) A is stably triangulated. (2) mod A is pre-triangulated. (3) A is either self-injective or directed Nakayama of Loewy length two. (4)
A is stably equivalent to a self-injective algebra. Proof. Assume that mod A is pre-triangulated while A is not self-injective. Let I be an indecomposable injective module in mod A which is not projective. Then mod A admits an almost split sequence 0 / / τ I / / P 1 / / I / / 0. By the lemma, P 1 is projective-injective. Let n > 0 be an integer for which mod A admits almost split sequences 0
Then the τ i I with 0 ≤ i ≤ n are all simple; see [1, (V.3. 3)], which are pairwise non-isomorphic since I is injective. Hence the P i with 1 ≤ i ≤ n are pairwise non-isomorphic and of Loewy length two. If τ n I is not projective, then modA has an almost split sequence 0
− M is a non-projective direct summand of P n , which is contrary to the assumption that P n is projective. This shows that P n+1 is injective, and hence projective-injective by the lemma. Since modA has only finitely many non-isomorphic simple modules, we may assume that τ n I is projective. Since A is connected, we see that the P i and the τ j I with 1 ≤ i ≤ n and 0 ≤ j ≤ n are the non-isomorphic indecomposable modules in mod A. In particular, A is directed. Since the simple modules τ i I with 0 ≤ i ≤ n form a τ -orbit, A is a Nakayama algebra; see [1, (IV.2.10)]. Moreover, the P i with 1 ≤ i ≤ n are of Loewy length two while τ n I is simple. Thus, A is of Loewy length two. This proves that (2) implies (3) .
Suppose that A is directed Nakayama of Loewy length two. Let S 1 , . . . , S n be the non-isomorphic simple A-modules. Then mod A ∼ = mod k 1 ×· · ·×mod k n , where k i = End A (S i ), i = 1, . . . , n. If B i denotes the trivial extension of k i by k i , then B = B 1 Π · · · ΠB n is symmetric with mod B ∼ = mod k 1 × · · · × mod k n . This shows that (3) implies (4). Finally, it follows from [2, (2.6)] that (4) implies (1) . The proof of the theorem is completed.
Remark. The equivalence of the statements (3) and (4) in the theorem is due to Reiten; see [3] .
